We present here generalized Canavati type g-fractional Polya type inequalities. We cover also the iterated case. Our inequalities are with respect to all L p norms: 1 ≤ p ≤ ∞. We finish with applications.
Introduction
We are motivated by the following famous Polya's integral inequality, see [11] , [12, p. 62] , [13] and [14, p. 83] . 
We need the following fractional calculus background: ∞ 0 e −t t α−1 dt. We define the left Riemann-Liouville integral
a ≤ x ≤ b. We define the subspace C α a+ ([a, b]) of C m ([a, b]):
For f ∈ C α a+ ([a, b]), we define the left generalized α-fractional derivative of f over [a, b] as
see [1] , p. 24. Canavati first in [6] introduced the above over [0, 1] . Notice that D α a+ f ∈ C ([a, b]). Furthermore we need: Let again α > 0, m = [α], β = α − m, f ∈ C ([a, b]), call the right Riemann-Liouville fractional integral operator by
x ∈ [a, b], see also [7] , [8] , [9] , [15] , [2] . Define the subspace of functions
Define the right generalized α-fractional derivative of f over [a, b] as
see [2] . We set
. We are also motivated by the following fractional Polya type integral inequality without any boundary conditions.
Then
Inequality (9) is sharp, namely it is attained by
Clearly here non zero constant functions f are excluded.
In this article we present very general g-fractional Polya type inequalities.
Background
Here we follow [5] .
Let ν ≥ 1 such that [ν] = n, n ∈ N as above, where [·] is the integral part of the number.
Clearly when 0 < ν < 1, [ν] = 0 and n = 0. Next we follow [1] , pp. 7-9. I) Let h ∈ C ([g (a) , g (b)]), we define the left Riemann-Liouville fractional integral as
So let h ∈ C ν g(x 0 ) ([g (a) , g (b)]); we define the left g-generalized fractional derivative of h of order ν, of Canavati type, over [g (x 0 ) , g (b)] as
Clearly, for h ∈ C ν g(x 0 ) ([g (a) , g (b)]), there exists
We mention and need the following left generalized g-fractional, of Canavati type, Taylor's formula:
By the change of variables method, see [10] , we may rewrite the remainder of (16), (17), as
We may rewrite (17) as follows: if 0 < ν < 1, we have
II) Next we follow [3] , pp. 345-348.
Let h ∈ C ([g (a) , g (b)]), we define the right Riemann-Liouville fractional integral as
So let h ∈ C ν g(x 0 )− ([g (a) , g (b)]); we define the right g-generalized fractional derivative of h of order ν, of Canavati type, over [g (a) , g (x 0 )] as
.
We get that
. We mention and need the following right generalized g-fractional, of Canavati type, Taylor's formula:
all a ≤ x ≤ x 0 .
By change of variable, see [10] , we may rewrite the remainder of (26), (27),
We may rewrite (27) as follows:
Also denote by
We call D mν g(x 0 ) an iterated fractional derivative. We mention and need the following g-modified and generalized left fractional Taylor's formula of Canavati type:
. Then,
We call D mν g(x 0 )− an iterated fractional derivative. We mention and need the following g-modified and generalized right fractional Taylor's formula of Canavati type:
, for all i = 0, 1, ..., m. Assume also that D
In what follows next it is based on this background.
Main results
We present the following generalized g-fractional Polya type integral inequalities without any boundary conditions.
Set
Inequality (37) is sharp, namely it is attained by f * such that
Clearly here non zero constant functions f • g −1 are excluded.
, by Theorem 4 we have that
That is,
for any x ∈ [a, x 0 ] . Similarly, by (40) we get
That is
for any
We have proved inequality (37). Next we prove sharpness of (37). Here [ν] = 0 and α = ν. We see that
(by [16] , p. 256) g (a) ) .
Therefore,
Furthermore we have
and
Consequently we get that M (f * , g) = Γ (ν + 1) .
(55)
Applying f * into (37) we obtain:
We get the same result when we apply f * in the
So equality holds in (37) for f * . Furthermore we notice that g (b) ] and hence f * ∈ C ([a, b] ) . Sharpness of (37) has been proved. The theorem is proved completely.
Remark 8. When ν ≥ 1, thus n = [ν] ≥ 1, and by assuming that f • g −1 (k) (g (a)) = f • g −1 (k) (g (b)) = 0, for k = 0, 1, ..., n−1, we can prove inequality (37) again. Here also f ∈ C n ([a, b]) and g −1 ∈ C n ([g (a) , g (b)]).
The function f • g −1 (n) cannot be a constant different than zero, equivalently, f • g −1 cannot be a non-trivial polynomial of degree n.
We continue with a fractional iterated Polya type inequality:
] → R be strictly increasing and g ∈ C 1 ([a, b] ). Assume that
. Also assume that
for i = 0, 1, ..., m ∈ N, and
(60)
Proof. By Theorem 5 we have
. By Theorem 6 we have
for all x ∈ [a, x 0 ] . Similarly, by (63), we obtain
for all
proving inequality (61).
Next we give an L 1 generalized g-fractional Polya inequality: , and that f • g −1 (k) (g (a)) = f • g −1 (k) (g (b)) = 0, for k = 0, 1, ..., n − 1. Set
(69)
Here f • g −1 cannot be a non-trivial polynomial of degree n.
Proof
g (a) , g(a)+g(b)
2
, ν ≥ 1, and f • g −1 (k) (g (a)) = 0, for k = 0, 1, ..., n − 1, n = [ν] . By Theorem 3 we have that
, g (b) , and f • g −1 (k) (g (b)) = 0, for k = 0, 1, ..., n − 1. By Theorem 4 we have that
Similarly, by (72) we get
for all x ∈ [x 0 , b] . Thus, we have Γ (ν + 1) (g (b) − g (x 0 )) ν (75)
≤ M 1 (f, g) Γ (ν + 1)
proving the claim.
We continue with a L q generalized g-fractional Polya type inequality:
Theorem 11. Let p, q > 1 : 1 p + 1 q = 1, ν > 1 q , n = [ν] , f ∈ C n ([a, b]), g : [a, b] → R be a strictly increasing function. Assume that g ∈ C 1 ([a, b]) and g −1 ∈ C n ([g (a) , g (b)]). Also assume f •g −1 ∈ C ν g(a) g (a) , g(a)+g(b) 2 , and f •
, and that f • g −1 (k) (g (a)) = f • g −1 (k) (g (b)) = 0, for k = 0, 1, ..., n − 1. When 1 q < ν < 1, the last boundary conditions are void. Set .
(87)
